THE FUNDAMENTAL THEOREMS FOR CURVES AND 
SURFACES IN 3D HEISENBERG GROUP 



HUNG-LIN CHIU AND SIN-HUA LAI 

Abstract. We study the local equivalence problems of curves and 
surfaces in 3-dimensional Heisenberg group via Cartan's method of 
moving frames and Lie groups, and find a complete set of invariants 
for curves and surfaces. For surfaces, in terms of these invariants 
and their suitable derivatives, we also give a Gaussian curvature 
fromula of the metric induced from the adapted metric on H 1 , and 
hence form a new formula for the Euler number of a closed surface. 



1. Introduction 

In 3-dimensional Euclidean space, it is well known that any unit- 
speed curve is completely determined by its curvature and torsion. 
This means that given any two function k(s) and r(s) with k(s) > 
everywhere, then there exists a unit-speed curve whose curvature and 
torsion are k and r, respectively. In addition, such a unit-speed curve 
is unique up to a Euclidean rigid motion. This is the fundamental 
theorem of curves. On the other hand, the fundamental theorem of 
surfaces says that, instead of the scalar-invariants, the first and second 
fundamental forms are the complete invariants for surfaces. In this 
paper we will show that there are the analogous fundamental theorems 
of curves and surfaces in 3-dimensional Heisenberg group H 1 . 

The Heisenberg group H 1 is the space R 3 associated with the group 
multiplication 

(1.1) (xx,yi,z 1 )o(x 2 , V2,z 2 ) = (x 1 +x 2 ,y 1 +y 2 ,z 1 + z 2 +y 1 x 2 -x 1 y 2 ). 

It is a 3-dimensional Lie group. The space of all left invariant vector 
fields is spanned by the following three vector fields: 

, n\ o d d d d d 

(1.2) e i = ^-+2/^-' e 2 = a X TT and T= TT- 

ox oz ay oz oz 

The standard contact bundle on H 1 is the subbundle £o of the tangent 
bundle TH 1 which is spanned by t\ and e 2 . It is also defined to be the 
kernel of the contact form 



(1.3) 



6 = dz + xdy — ydx. 
l 
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The CR structure on H 1 is the endomorphism J : £o — > £o defined by 

(1.4) Jo(ei) = e 2 and J (e 2 ) = ~h- 

We sometimes view the Heisenberg group H 1 as a pseudohermitian 
manifold when we consider it together with the standard pseudo-hermitian 
structure (Jo,0q)- For the details about pseudo-hermitian structure, 
we refer the readers to [8], [9], or [II] . Let PSH(1) be the group of 
Heisenberg rigid motions, that is, the group of all pseudo-hermitian 
transformations on H . Recall that a pseudo-hermitian transforma- 
tion on H 1 is a diffeomorphism on H 1 which preserves the standard 
pseudo-hermitian structure (J ,9 ). In Subsection 13.11 we give an ex- 
plicit expression for a pseudo-hermitian transformation. 

Let 7 : (a, b) — > H 1 be a parametrized curve. For each t G (a, b), the 
velocity 7 (£) of j(t) has the natural decompostion 

(1.5) 7(*)=7&(*) + 7t(*). 

where 7f (£) and 7y(£) are, respectively, the orthogonal projection of 
7 (t) on £0 along T and the orthogonal projection of 7 (t) on T along 
Co- 

Definition 1.1. A horizontally regular curve is a parametrized 
curve 7(t) such that 7^ (t) 7^ for each t G (a, 6). 

Proposition 14.11 shows that a horizontally regular curve can always 
be reparametrized by a parameter s such that |7^ (s)| = 1 for every s. 
We call such a paramter s the horizontal arc-length, which is unique 
up to a constant. 

For a horizontally regular curve j(s) parametrized by the horizontal 
arc-length s, we define the p-curvature k(s) and T-variation t(s) as 

( , 6) *w-<^(.)> 

t(s) =< 7 '( S ),T>, 

where X(s) = 7^ (s) and Y(s) = JqX(s). We have the following 
fundamental theorem for curves in H 1 which says that horizontally 
regular curves are completely prescribed by the p-curvature and T- 
variation as well. 

Theorem 1.2. Let 71 (s) and 72(5) be two horizontally regular curves 
parametrized by the horizontal arc-length. Suppose that they have the 
same p-curvature k(s) and T-variation r(s). Then there exists g G 
PSH{1) such that 

(1.7) 7 2 (s) = go 7 1 (s), for all s. 
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In addition, given smooth functions k(s),T(s), there exists a horizon- 
tally regular curve 'j(s), parametrized by the horizontal arc-length, hav- 
ing k(s) and r(s) as its p-curvature and T -variation, respectively. 

We say j(t) is a horizontal curve if "f'(t) = 7^ (t) for each t G (a, b). 
By the previous definition 7(3) is horizontal if and only if the T- 
variation r(s) = 0, we have immediately the following corollary. 

Corollary 1.3. Lei 71 (s) and^is) be two horizontal unit-speed curves 
in H l with the same p-curvature k(s). Then there exists g G PSH(1) 
such that 

(1.8) 7 2 (s) = g o 71(5), /or a// s. 

In addition, given a smooth function k(s), there exists a horizontal 
unit-speed curve 7(3) having k(s) as its p-curvature. 

In Subsection 14. 21 we compute the explicit formulae for the p-curvature 
and T-variation and get the following theorem. 

Theorem 1.4. Letj(t) = (x(t),y(t),z(t)) e H 1 be a horizontally reg- 
ular curve, not necessarily parametrized by horizontal arc-length. Then 
the p-curvature k(t) and T-variation r(t) are having the forms 



;i.9) 



, . . x y — x y 
kit) = — — ^-r(*) 

xy — x'y + z , . 



As an application, we proceed to compute the p-curvature and T- 
variation of the geodesies of H 1 in Subsection 14.21 and obtain a charac- 
teristic description of the geodesies in H 1 . 

Theorem 1.5. The geodesies of H 1 are just those horizontally regular 
curves with vanishing T-variation and constant p-curvature, that is, 
r = and k = c for some constant c G R. 

Observing the formula (11. 9p . which says that the p-curvature of 
j(t) = [x(t),y(t), z(t)) is just the signed curvature of the plane curve 
a(t) = 7T o 7(t) = (x(t),y(t)), where tt is the projection on xy plane 
along the z-axis. On the other hand, it is well known that the signed 
curvature completely describes the plane curves, therefore we have im- 
mediately the following corollary: 

Corollary 1.6. If two horizontally regular curves in H 1 differ by a 
Heisenberg rigid motion then their projections on xy-plane differ by 
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a Euclidean rigid motion. In particular, two horizontal curves in H 1 
differ by a Heisenberg rigid motion if and only if their projections on 
xy-plane are congruent in the Euclidean plane. 

For a surface S C H 1 which is embedded in H 1 , we can also say 
something about fundamental theorem. First of all, we recall that a 
singular point p G £ is a point such that, at p, the tangent plane T P S 
coincides with the contact plane £o(p). Therefore outside the singular 
set (the non-singular part of £), it is integrated to be a one- dimensional 
foliation for the intersection of TE and £o> which is called the charac- 
teristic foliation. Now we define the normal coordinates. 

Definition 1.7. Let F : U — > H 1 be a parametrized surface with 
coordinates (u, v) on U C M 2 . We say F is normal if 

(1) F{U) is a surface without singular points; 

(2) F u — ^ defines the characteristic foliation on F(U); 

(3) \F U \ — 1 for each point (u, v) G U, where the norm is respect to 
the levi- metric on H l . 

We call (u, v) a normal coordinates. 

It is easy to see that every non-singular point p G X, there exists 
a normal coordinates around p. For a normal parametrized surface 
F : U — > H 1 , let X = F u , Y = J X and T = ■§-, we define functions 
a, 6, c, / and m on U by 



The following theorem says that these functions are complete differ- 
ential invariants for the map F. We call a, b and c the coefficients of 
the first kind of F, and l,m the second kind. 

Theorem 1.8. Let U C M 2 6e a simply connected open set. Suppose 
that a, 6, c, Z and m are functions on U which satisfy the integrability 
condition U.ll\) . Then there exists a normal parametrized surface F : 
U — > H 1 having a,b,c and l,m as the coefficients of the first kind 
and the second kind, respectively. In addition, if F : U — )■ H 1 is 
another such a normal parametrized surface, then it differs from F by 
a Heisenberg rigid motion, that is, there exists a motion g G PSH(1) 
such that F(u, v) — g o F(u, v) for all (u, v) G U . 



(i.io) r < £ 1 -i > b=< Yv 

( J l=< F uu , Y > m=< F uv , Y > 

They satisfy the integrability conditions 

a u = bl, b u = —al + m, c, 



c =< F V ,T> 



2b 
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Note that, from ( 15.30D . we see that I, up to a sign, is independent of 
the choice of the normal coordinates, hence it is a differential invariant 
of the surface F(U). Actually I is the p-mean curvature. Therefore / = 
means that F(U) is a p-minimal surface. Such a parametrization F : 
U — > H 1 is called a normal p-minimal parametrized surface. From the 
integrability condition (11. lip , we see that the second kind of coefficient 
m is entirely determined by the first kind as 

(1.12) m = b u . 

The integrability conditions (II. lip hence become to be 

(1.13) a u = 0, b uu = 0, c u = 2b, 

and thus we obtain the following corollary of Theorem 11.81 

Theorem 1.9. Let U C M 2 be a simply connected open set. Suppose 
that a, b and c are three functions on U which satisfy the integrability 
condition M.1'J\) . Then there exists a normal p-minimal parametrized 
surface F : U —> H 1 having a, b and c as the first kind of coefficients of 
F , and the second kind of coefficient is determined by b as M.lfy) . In ad- 
dition, if F : U — >■ H 1 is another such a normal p-minimal parametrized 
surface, then it differs from F by a Heisenberg rigid motion, that is, 
there exists a motion g G PSH(1) such that F{u,v) = g o F{u,v) for 
all (u, v) G U . 

Besides the p-mean curvature I, in Section |5l we also show that both 
a = -, up to a sign (which is called the p- variation), and the adapted 
metric g$ restricted to the surface are also invariants of the surface 
F(U). Actually a is the function such that the vector field ae 2 + T is 
tangent to the surface, where e 2 = J ei and e\ is a unit vector field 
tangnet to the characteristic foliation. Let be another unit vector 
field tangent to the surface which is defined by 

ae 2 + T 

es ~ VT+~c7' 

We have that these three invariants satisfy the integrability condition: 
(1.14) 

(1 + a 2 )2 (e s Z) = (1 + a 2 )(eiei«) - a(ei«) 2 + 4a(l + a 2 )(ei«) 

+ a(l + c?fK + aZ(l + a 2 )^(e s a) + a(l + a 2 )/ 2 , 

where K is the Gaussian curvature with respect to ge \T.- 

The following theorem says that the Riemannian metric induced 
from the adapted metric together with the p-mean curvature I and 



6 



H.-L. CHIU, S.-H. LAI 



p-variation a is a complete system of invariants for a surface without 
singular point. 

Theorem 1.10 (The fundamental theorem for surfaces in H 1 ). Let 
(E, g) be a Riemannian 2 -manifold with Guassian curvature K, and let 
a ,1 be two real-valued functions on E. Assume that K, together with 
a and I , satisfy the integrability condition with a, I replaced 

by a ,1 , respectively. Then for every point igU there exists an open 
neighborhood U containing x, and an embedding f : U —> H 1 such 
that g = f*{ge )-> a = f* a an d I = /% where a, I are the induced 
p-variation and p-mean curvature on f(U). Moreover, f is unique up 
to a Heisenberg rigid motion. 

In the proof of Theorem 11.101 we also get 

Theorem 1.11. Let E C H 1 be an oriented surface. Then the Gaussian 
curvature K of the restricted metric ge \j: can be expressed by means of 
I, a and the derivatives of a. 
(1.15) 

_ (ei«) 2 + 2(1 + a 2 )(ei«) + 4a 2 (l + a 2 ) - Z(e E a)(l + a 2 )^ 
~ (1 + a 2 ) 2 " 

By the Gauss-Bonnet formula, we immediately have the following 
corollary. 

Theorem 1.12. Let S c H 1 be a closed, oriented surface. Then we 

have 

(1.16) 

(eict) 2 + 2(1 + a 2 )(eia) + 4a 2 (l + a 2 ) - Z(e s a)(l + a 2 ^ 

(1 + a 2 ) 2 

(ei«) 2 + 2(1 + a 2 )(ei«) + 4a 2 (l + a 2 ) - i(e E a)(l + a 2 



2vrx(S) = / ^ ■ ^ ■ — — ^— — — ~_ », ■ - , da 

-u 1 A O> 



where da is the area form with respect to the induced metric from the 
adapted metric gg , and x(^) i> s the Euler number o/E. 

Substituting the Gaussian curvature formula f II . 1 5 j) into (11.141) . we 
see that the integrability condition (11.141) is equivalent to the Gaussian 
equation (I1.15P together with the following Codazzi-Like equation: 

e\e\a. + 6a(e\a) + 4a 3 + al 2 



;i-17) e s Z 



l + a 2 



Remark 1.13. There is also an integrability condition for a surface 
expressed as a graph of a function u, which is called a Codazzi-Like 
equation and shown up in [5]. 
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We now give a brief outline of this paper. In section 2, we state 
the two propositions about uniqueness and existence of mappings of 
a smooth manifold into a Lie group G which underlie the theory. In 
section 3, we obtain the representation of PSH(1) which is the group 
of pseudohermitian transformations on H 1 . Also we discuss how the 
matrix Lie group PSH(1) interpret as the set of "frames" on the homo- 
geneous space H 1 = PSH(l)/SO(2). Then from the (left-invariant) 
Maurer-Cartan form, we immediately get the moving frame formula. 
In section 4, we compute the Darboux derivative of a lift of a hori- 
zontally regular curve in H 1 and then to get the fundamental theo- 
rem for curves in H 1 . Moreover, we compute the p-curvature and the 
T- variation of a horizontally regular curve and geodesies in H 1 . In 
section 5, we compute the Darboux derivative of the lift of a normal 
parametrized surface. Then we get complete differential invariants for 
a normal parametrized surface. In section 6, let £ be an oriented sur- 
face and /:£—>■ H 1 be an embedding. We compute the Darboux 
derivative of the lifting of / to get the fundamental theorem for sur- 
faces in H 1 . In this section, we also compute the Gaussian formula 
(I1.15P and the integrability condition ( Il.l4p . Finally, in section 7, we 
give another proof for Theorem 11.21 
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part by NCTS and in part by NSC 100-2628-M-008-001-MY4. He 
would like to thank Prof. Jih-Hsin Cheng for his teaching and talking 
on this topic, Prof. Paul Yang for his encouragement and advising in 
the research for the last few years. The second author would like to 
express her thanks to Prof. Shu-Cheng Chang for his teaching, constant 
encouragement and supports. 

2. Calculus on Lie group 

Let M be a connected smooth manifold, and let G C GL(n, R) be 
a matrix Lie group with Lie algebra q and the (left-invariant) Maurer- 
Cartan form u. In this section, we shall give, without proofs, two simple 
and essential local results concerning smooth maps from a manifold M 
into a Lie group G. These two results play a fundamental role in whole 
of the paper. For the details, we refer the readers to [6], [7], [10] and [3]. 
The first of these is 

Theorem 2.1. Given two maps f,f:M—>G, then f*co = f*u if and 
only if f = g ■ f for some g G G. 

The Lie algebra one-form f*u is usually called the Darboux de- 
rivative of the map / : M — > G. The second one is a well-known 
existence theorem: 
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Theorem 2.2. Suppose that is a g-valued one form on a simply 
connected manifold M. Then there exists a map f : M — > G with 
f*u = 4> if and only if d<p = —<p A 0. 

Moreover, the resulting map f is unique up to a group action. 

The proof of Theorem 12.21 is strongly dependent on the Frobenius 
theorem. 

3. The group of pseudohermitian transformations on H 1 

3.1. The pseudohermitian transformations on H 1 . A pseudoher- 
mitian transformation on H 1 is a diffeomorphism $ on H 1 which pre- 
serves both the CR structure Jo an d the contact form 8q, that is, it 
satisfies 

(3.1) $*J = J $* on £ and $*6> = O . 

Let L p be the left translation by p on the Heisenberg group H 1 . It is 
easy to see that L p is a pseudohermitian transformation. We give an- 
other pseudohermitian transformation : H 1 — > H 1 which is defined 

by 

M -(;)-(?!)(;)■ 

where R G SO (2) is a 2 x 2 orthogonal matrix. 

Let PSH(1) be the group of pseudohermitian transformations on 
H l . The following theorem specifies that the group PSH{1) consists 
exactly of all the transformations of the forms = L p o <3> R , that is, 
a transformation $^ followed by a left translation L p . We have 

(x \ / ax + by + pi 

y = cx + dy + p 2 

z J \ (ap 2 - cpi)x + (bp 2 - dpi)y + z + p 3 

where p = (pi,p 2 ,P3Y E H 1 and R = ( ^ ^ j E 50(2). 

THEOREM 3.1. Let (p : H 1 — > H 1 be a pseudohermitian transformation. 
Then $ = L p o (f> R for some R E S0(2) and p E H 1 . 

Proof. Let $ : H 1 — > H 1 be a pseudohermitian transformation such 
that $(0) = p. Then the composition L p -i o $ is a transformation 
fixing the origion. Therefore, we reduce the proof of Theorem 13.11 to 
prove that any pseudohermitian transformation $ with $(0) = has 
the form $ = $^ for some R E 5*0(2). This is equivalent to prove the 
following Lemma: 
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Lemma 3.2. Let $ be a pseudohermitian transformation on H 1 such 
that $(0) = 0. Then, for any p G H 1 , the matrix representation of 
$*(p) with respect to (J^, ^, ^) is 

(cos a — sin a 
sin ao cos cto 
1 

V cjx ' cfy 7 cfz J 

for some real constant a which is independent of p. That is is a 
constant matrix. 

Now we prove Lemma 13.21 First we compute the matrix representa- 
tion of $*(j>) with respect to (ei,e 2 ,T = Jj). Since, for i = 1,2, 

0o = ($*# ) (e,) = 6 (e t ) = 0, 

we see that £o is invariant under $*. Furthermore, let h be the Levi 
metric on £ defined by h(X, Y) = d9 (X, JqY). We have 

$*/i(X, Y) = h($*X, <5>*Y) = de ($*X, J $*F) 

= de ($»x, j y) = $*(^ )(^, W = *#o)(X j y) 
= ^ (x,j y) = M^,n 

That is = /i (X, Y) for every X, Y E £ = ker# . Thus 

is orthogonal on £o- On the other hand, 

w».n = *«) = (*-*)(D = *(£) = !, 

and, for all X G £o, 

d9 (X,^T) = dOo^^X,®^) = ($*^ )(<f; 1 X,T) 

= (rf$^ )($; 1 X,T) = ffl Q {Q- x X,T) = 0. 

By the uniqueness of the characteristic vector field, we have $*T = T. 
From the above argument, we conclude that 

(cos a (p) — sin a (p) 
sin a (p) cos a (p) 
1 

for some real valued function a on H 1 . 

Next, let $ = $ 2 , $ 3 ), we would like to change the matrix repre- 
sentation of $*(p) from (ei,e 2 , Jj) to (j^, ^, Let p = (pi,P2,Ps), 
ei (P) = £ + and e 2 (p) = ^ - Pl ^, then 
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$*(p) 



d_ 

dx 



$*(p) 



h (p) ~ P2 



d_ 

dz 



$*{p) [h (p)] -P2 



cos a (p) ex [$(p)] + sin a (p) e 2 [$(p)] - P2 

cos a ( p) — + sin a (p) — 
ox dy 

+ [cos a (p) $ 2 (p) — sin a (p) $ x (p) — p 2 ] 



d_ 

dz 
d_ 

dz 



and 



Mp) 



62 ( p ' +Pl lh 



d_ 

dz' 







$*(p) [e 2 (P)]+Plg^ 



9 

sin a (p) ei <&(p) + cos a (p) e 2 $(p) + Pitt 



sin a (p) 



cos a (p) 



5 



+ \— sin a (p) $ 2 (p) — cos a (p) "J? 1 (p) + pi] — . 



Thus, 
(3.5) 

where 
(3.6) 



'cos a (p) — sin a (p) N 
sin a (p) cos a (p) 
$*(P) $«(P) 1 



$^(p) = cos a (p) $ 2 (p) — sin a (p) $ x (p) — p 2) 
$^ (p) = — sin a (p) <£> 2 (p) — cos a (p) (p) + pi . 



Observing first that, from (13. 5p . $^ = $ 2 = 0, so both $ x and $ 2 are 
function depending only on x and y, hence so is a. Secondly, since 
and $l y = $ 2 X , we have, from (ET5]1 . 



$1 

x y 



cos a — sm a 
sin a cos a 



which implies that a a 



a. 



0. Thus a is a constant on H l , say 



a 



q;o- From (13.51) again and note that $(0) = 0, we have that 



$1 

$ 2 



x cos ao — y sm ao 
xsincto + ycosa , 
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which implies that $^ = $^ = 0. Thus 



$*(P) = 
This completes the proof. 



cos a — sin a 
sin a cos a 
1 



( d_ d_ d_\ 

\ dx ' By ' dz ) 



□ 



3.2. Representation of PSH(1). We can represent & p ,r and points 
of H 1 , respectively, as 



(3.7) 



and 



(3.8) 



Then 



(3.9) 



( 1 

Pi a 

P2 c 






M 


b 





d 





- dpi 





X 

y \ -'■ ■■ A' = 

z 



( 1 \ 

X 

y 

\ z J 



MX = 



1 ^ \ 

x x 

%,R ( 1/ 



V 



z 



That is, PSH(1) may be represented as a matrix group by writing 
(3.10) 



PSH(T) = <M e GL{A,R) 



M = 



( 1 








\ 


Pi 


a 


b 





P2 


c 


d 





\ P3 


ap 2 - cpi 


bp 2 - dp x 





Let psh(l) be the Lie algebra of PSH(1). Then it is easy to see that 
the element of psh(l) is look as 



(3.11) 



/ \ 

xi — xi 2 

x 2 xi 2 

y x 3 x 2 -xi J 
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Therefore the Maurer-Cartan form of PSH(1) is look like 



(3.12) 



UJ 



( \ 

-uj x 2 



UJ 

uj 2 uj x 2 



V 



uj 3 u 2 -UJ 1 







here uj\ and w J , j = 1, 2, 3 are 1-forms on PSH(1). 



3.3. The oriented frames on H 1 . An oriented frame on H 1 is a 
frame of the form 



(3.13) 



(p;X,Y,T), 



where p G H 1 , Y = J X and X G £o(p) are unit vectors with respect 
to the standard levi metric on H 1 . We can also identify PSH(1) with 
the space of all oriented frames on H 1 as following: 



(3.14) 



where 



(3.15) 



M = 



( 1 \ 

Pi a 6 

p 2 c dO 

\ ap 2 - cpi bp 2 -dpx I J 



^(p;X,Y,T), 



9 d , . d 

x = a di + % + (ap2 " m) Wt 

V = (Pl,P2,Ps)*- 



Actually, we have that X = aei(p) + ce 2 (p) and Y = bei(p) + de 2 (p), 
hence M is the unique 4x4 matrix such that 



(3.16) 



{p;X,Y,T) = (0;e 1 ,e 2 ,T)M. 



3.4. Moving frame formula. Since PSH{1) is a matrix Lie group, 
the Maurer-Cartan form is to be u = M~ l dM or dM = Moj. Thus we 
immediately get that 



/ 



(3.17) (dp; dX, dY, dT) = (p; X, Y, T) 








2 2 
UJ Z UJi 

UJ 3 UJ 2 



\ 

W o 



-uj 1 
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that is, we have the following moving frame formula: 

dp = Xco 1 + Yu 2 + Tu 3 
dX = Yuo^ + Tu 2 

( 3 - 18 ) 

dY = -Xui 2 - Tu 1 
dT = 0. 

4. Differential invariants of horizontally regular 

curves in H 1 

Proposition 4.1. We can reparametrize a horizontally regular curve 
7(i) by a horizontal arc-length s 

Proof. Define s(t) = J* \^ o (u)\du. Then any horizontal arc-length dif- 
fers s by a constant. By the fundamental theorem of calculus, we have 
$ = K (*)|.So 

dj g?7 dt 7' (t) 



(4.1) 



ds dt ds |7£ W I 



hence 7^ o (s) = that is | 7 J o (s)| = 1. □ 

Definition 4.2. A lift of a mapping f : M —> G/H is defined to be a 
map F : M — > G such that the following diagram commutes: 
G 

where G is a Lie group, if is a closed Lie subgroup and G/H is a 
homogeneous space. Given a lift F of /, any other lift F : M — > G 
must be of the form 

= F(x)g(x) 

for some map g : M ^ H. 

4.1. The Proof of Theorem 11.21 Let 7(3) be a horizontally regular 
curve with horizontal arc-length as parameter. For each point of the 
curve uniquely determines an oriented frame of H 1 of the form 

(4.2) ( 1 (s);X(s),Y(s),T), 

where X(s) = 7^ (s) and Y(s) = JoX(s). Define 7(s) by 

(4.3) %s) = ( 1 (s);X(s),Y(s),T). 
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Then j(s) is a lift of 7(5) to PSH(1), which is uniquely determined by 
7(5). Let lo be the Maurer-Cartan form of PSH(1). We would like to 
compute the Darboux derivative 7*0; of the curve j(s): 

First note that all pull back one-forms by 7 are multiples of ds. By 
(I3.18p . we have that 

*r(s) = Td P 

V ' ; =I(s)7V + F(s)7V + T7V. 

On the other hand, 

oFfts) = 7^ (s)cis + 7r(s)ds 

(4.5) 

= X(s)ds + 7 T (s)ds. 
Comparing (14.41) and (14. 5p . we get 

7V = ds, 7V = 



(4.6) 

7*0/ =< 7 (s),T > ds = r(s)ds. 
Again from (13.181) . we have 

(4.7) dX{s) = F(s)7*W! 2 + T7V = Y{s)y*u 1 2 , 

hence 



(4.8) 



7 ^1 



dX"(s) 
ds 



Y(s) > ds = k(s)ds. 



(4.9) 



7 u 



ds. 



Thus we have already obtained the Darboux derivative of 7: 

/ \ 

1 -k{s) 

k(s) 

\ t(s) -1 ) 

Now suppose that 71 and 72 have the same p-curvature k(s) and T- 
variation r(s). Then, from (14. 9p . we get 

- — — * 

1\U = 7 2 w - 

Therefore, by Theorem 12. 11 there exists g E PSH(1) such that 72 (s) = 
(707 1 (s), hence 72(5) = <7c>7i(s), for all s. This completes the uniqueness 
up to a group action. To finish the proof of Theorem ll.2[ we show 
the existence. Given two functions k(s) and r(s) defined on an open 
interval /. Define a ps/i(l)-valued one-form ip on / by 

/ \ 

1 -Jfe(s) 

fc(s) 

\ r(s) -1 J 



ds. 
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Then it is easy to show that dip + ip A ip = 0. Thus, by Theorem 12.21 
there exists a curve 

^f(s) = ( 1 (s),X(s),Y(s),T) e PSH(1) 

such that 7*w = (p. This means, by moving frame formula (13.181) . 

d r y(s) = X(s)ds + r(s)Tds 

(4.10) dX(s) = k(s)Y(s)ds 

dY(s) = -k(s)X(s)ds - Tds, 

which implies that 

x (s) = 7? 0), and 

(4.11) k(s)=< d -^l,Y(s)> 

This completes the proof of the existence. 

4.2. The computation of the p-curvature and the T-variation. 

In this subsection, we will compute the p-curvature and the T-variation 
of a horizontally regular curve, and thus give the proof of Theorem II .41 
After this, we also want to compute the p-curvature and the T-variation 
of the geodesies of H 1 . Let j(t) = (x(t),y(t), z(t)) be a horizontally 
regular curve. The horizontal arc-length s is defined by 



(4.12) s(t)= / | 7& («)|d«, 

Jo 

where 7t (£) is the projection of 7 (t) on £ along T direction. Now 

7 (t) = (x (t),y (t), Z t = X it)— + y(t)— + Z (t — 
(4 13 ) ox dz 

= x'{t)ei + y'(i)e 2 + (z'(t) + xy'(i) - yx'(t)) — , 
which shows that 

, , 7&(*) = ^(<)ei + y'(*)e 2 ; 

7r(*) = (^(t) + ^'(t)-^'(*))^ 

where note that = T. Let 7(5) be the reparametrization of 7(t) by 
the horizontal arc- length s. Then we have that 7 (£) = 7 (s)^, hence, 
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comparing with ( 14.14(1 . 

^o( s ) = (t) ei + y' (t)e 2 ); 

(415) dt / 

7r(s) = J; ((*'(*) + xy\t) - yx'(t))T 

So the T-variation is 

t(s) =<i(s),T>=<i T (s),T> 
dt 

(4.16) = S (* (*>+«»(*> -»*(«)> 

xy — x y + z , , 
-(*)■ 



((*') 2 + (jW 

For the p-curvature, first note that X(s) = ^(x (t)ei +y (^62), hence 
£(a/(t)e 2 - y (t)ei). We compute 



y(*) = 


JoX(s) = 


(4.17) 




dX"(s) 


d f dt 


(is 


ds \ds 




fdt\ 2 




" / 




= Wit) 1 



x(t),y'(t),x'y{t) - xy\t) 



dH 



dt\ 2 ^d 2 t\ ( „, . ZdA 2 ,d 2 t . 



So 

(4.18) 



'/ / c?t \ / , N (i^t 1 / , . c/t / a , x ( dt \ 1 / \ d?t 



-(a;"(t)y'(t)-x'(t)y"(t)) 



ds 



in ut 

x y — x y , . 

-(t). 



((x') 2 + (y) 2 ) 



This completes the proof of Theorem 11.41 

Now we make use of (I4.18P and (14. 16(1 to compute the p-curvature 
and T-variation of the geodesies in H 1 . Recall that the Hamiltonian 
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system on H 1 for the geodesies is 

x k (t) = h kj {x (t)) Cj (t) 

^ ^ 6 (t) = —\ X] Q x i ~6£j> k = 1,2,3, 

where 

/ 1 x 2 

h ij (x\x 2 ,x 3 ) =01 -x 1 

\x 2 —x 1 (x 1 ) 2 + (x 2 y 

So the Hamiltonian system (I4.19P can be expressed by 

x 1 (o = f i + x 2 e 3 

x 2 (t) = & - x 1 ^ 

x 3 (t) = x%-x% + ^\{x 1 ) 2 +{x 2 f 

(4.20) L J 

6 (0 = 66 - ^6 2 

6(0 = -66-* 2 6 2 
6(0 = o. 

Since £3 (£) = 0, thus £3 (t) = C3 where C3 is some constant. In the case 
c 3 = 0, we have that x (t) = (c±t + dx, c 2 t + d 2 , (cxd 2 — c 2 dx) t + ^3), 
thus (t) = and r (t) = 0. Next, in the case C3 > 0, we have 

x (t) = (x 1 (t) , x 2 (t) , x 3 (0) , where 

x 1 (t) = ax sin (2c 3 t) + a 2 cos (2c 3 t) + dx 

(4.21) x 2 (t) = -a 2 sin (2c 3 t) + a x cos (2c 3 t) + d 2 

x 3 (t) = (a 2 dx + axd 2 ) sin (2c 3 t) + (a 2 d 2 — aidi) cos (2c 3 t) 
+ 2c 3 (a\ + af) t + d 3 , 

hence k (t) = r < and r (t) = 0. Finally, in the case C3 < 0, 

[(»!+«!)] 3 

we have 

x (t) = (x 1 (t) , x 2 (t) , x 3 (0) , where 
x 1 (t) = ax sin (— 2c 3 + a 2 cos (— 2c 3 + dx 

(4.22) x 2 (t) = a 2 sin (-2c 3 t) - a x cos (-2c 3 t) + d 2 

x 3 [t) = (axdx + a 2 d 2 ) sin (— 2c 3 — (a 2 dx — axd 2 ) cos (— 2c3^) 
+ 2c 3 {a\ + a 2 2 )t + d 3 , 
hence k (t) = r > and r (t) = 0. 

[(«?+«!)]* 
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The above computation shows that a horizontal curve is congruent 
to a godeic if it has positive constant p-curvature. Conversely, it is 
easy to see that a symmetry action of a geodesic is still a geodesic. 
Therefore we complete the proof of Theorem 11.51 

Remark 4.3. Actually, the geodesies (14.21 1) for C3 > are the reverse 
of the geodesies (14.221) for C3 < 0. That is, they run in the reverse 
direction of each other. 

5. Differential invariants of parametrized surfaces in H 1 

5.1. The proof of Theorem 11.81 First we show the uniqueness. Let 
F : U — > H 1 be a normal parametrized surface with a, b, c, / and m as 
the coefficients. That is, 

, s a=<F v ,X> b=<F v ,Y> c=<F v ,T> 
{ ' ' l=< F uu , Y > m =< F UV ,Y > . 

Defining the unique lift F of F to PSH(1) as 

(5.2) F =< F, X, Y, T >, X = F w JX = Y, 

we would like to compute the Darboux derivative F*u of F: By the 
moving frame formula A3. 18j) . we see that 

(5 3) dF(u, v) = X{F*u x ) + Y(F*u 2 ) + T(F*u 3 ) 

= F u du + F v dv. 

This implies that 
(5.4) 

F u = dF(|-) = X(FV)(|-) + 7(FV)(^) + T(F*u 3 )(^-); 

OU OU Oil ou 

F v = dF(^) = + Y{F^){^) + r(^)(^ 

hence, comparing the coefficients and note that F u = X, we have 

(5.5) (^V)(A) = 1, (^)(A) = (^)(A, = , 
and 

(FV)^) =<F„,X>=a 

(5-6) (FV)d-)=<F„,7>=6 

Ov 

(FV)(|-) =<F„,T>=c. 
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From (15. 5ft and ( 15.61) . we get 

F*^ 1 = du + adv 
(5.7) FV = bdv 

FV = cdv. 

On the other hand, again using the moving frame formula ( 13. 18ft . 

dX(u, v) = Y{F*uj 2 ) + T(FV) 
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(5. 



(F*u 2 )(—)Ydu + {F*ul){— )Ydv + bTdv. 
ou ov 



Note again that X = F u , we have 

(5.9) dX(u, v) = dF u (u, v) = F uu du + F uv dv. 

Comparing the above two formulae, we obtain 



(5.10) 



=<F UU ,Y>=1 
(F*ul)(^-) =<F uv ,Y>=m 



dv 



b =< F uv , T > 

=< F uv , X >=< F uu , X >=< F uu , T > . 



(5.11) 



F*u 



In particular, combining (15 .7p and ( 15.10}) . we get the Darboux deriva- 
tive F*u which is 

/ \ 

du + adv — Idu — mdv 

bdv Idu + mdv 

\ cdv bdv —du — adv / 

This completes the proof of the uniqueness. Now we prove the exis- 
tence. Suppose a, b, c and m, I are functions defined on U. Define a 
ps^(l)-valued one form by 

/ \ 

du + adv — Zcfoi — mdv 

Zdw + mdv 

c<it> bdv —du — adv y 



(5.12) 



Then we have 



(5.13) 



/ 

6a 



dc 
du 






dl_ I dm 

dv du 
db 

du 



\ 

j92_ 9m q 

dv du 



da 

du 



du A dv 



0/ 
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and 



(5.14) 



<p A <p 





-lb 
al — vn 
-2b 



\ 





-m + al bl J 



du A dv. 



Therefore we get that <fi satisfies the integrability condition dip = 
if and only If a, b, c, I and m satisfy the integrability condition (11. lip 
Therefore, by Theorem 12.21 there exists a map 

F*(u,v) = (F(u,v),X(u,v),Y(u,v),T) 



such that F*u = <p. Thus, by the moving frame formula (13.181) . we see 
that F : U — > H l is a map with a, b, c, / and m as its coefficients. 

5.2. Invariants of surfaces. Let X H 1 be a surface such that 
each point of X is regular. For each point p G S, one can choose a 
parametrization F : [/ — > S with coordinates (u, t> ) such that 



(5.15) 



dF 

F u — -TT- — X, 

ou 



where X is an unit vector field defining the characteristic foliation 
around p. We call F and (u, v) a normal parametrization and a normal 
coordinates around p, respectively. 

Lemma 5.1. The normal coordinates is determined up to a transfor- 
mation of the form 



(5.16) 



u = ±u + g{y) 
v = h(v), 



for some smooth functions g(v), h{v) such that |^ ^ 0. 

Proof. Suppose that (u, v) is another normal coordinates around p, i.e., 

(5.17) Fu = X, 

where X = ±X. We have 
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Expand Eg = aX + bY + cT. By the first identity of (I5.18p . we have 
(5.19) 



~du f^dv ~ ~dv ~ Jdv ~ 
X = X— + a— X + b—Y + c—T 
ou \ ou ou ou 



du ^dv\ ~ ~dv ~ Jdv ~ 
— + a— )X + b—Y + c—T. 
ou ou J ou ou 

Since p is regular, we see that c 7^ around p, we conclude from the 
above formula 

dv 

(5.20) — — — 0, that is, v = h(v), 

ou 

for some function h(v ). In addition, comparing the coefficient of X, we 
have 

5 - 21 ±1 = ^- + a ^- = ^-' 

ou ou ou 

hence u = ±u + g(v) for some function g(v). Finally we compute 

(du du \ / 1-1 dg \ 

1 i)^ det ( 

This completes the proof. □ 

Recall that by means of a normal parametrization F, we compute 
the Darboux derivative F*u as (15. lip . One can define four one- forms 
on E locally as follows: 
(5.23) 

I = F*^ 1 = du + adv, II = F*u 2 = bdv, III = F*u 3 = cdv 
IV = F*uf = Idu + mdv, 

where functions a,b,c,m and I are defined as (11.101) . Let (u,v) be 
another normal coordinates around p, we have 

Proposition 5.2. 

T=±I, Tl = ±11, iTl = III, and TV = IV 

Proof. From the definition of normal coordinates, we see that F^ = 
X = ±X. By definition 

z _ . , s I = du + adv II = bdv III = cdv 

(5.24) ~ ~_ 

IV = Idu + mdv, 

where 

(5.25) a =< Eg, X >, b =< Eg, Y >, c =< Eg, T >, 
and 

(5.26) T=< Ftu, Y>, m=< F^, Y >,Y = J X = ±Y. 
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By lemma EH], there exists functions g(v) and h(v) such that 

u = ±u + q(v) 

(5-27) _ fcM 

f = h{v), 

We compute the transformation laws of the coefficients of the funda- 
mental forms: 

a =< F„, X >=< 7~— + 7~— , X > 
ov ov 

(5.28) =<±X^ + F~,X> 

Ov ov 

± ( ®9 _)_ 

Similarly, we have 

(5.29) 6 = ±|S, c = ^c. 



<9t> <9t> 

1 ) on ^ -i i /■ — -4- i /■ 

(3u 



On the other hand, note that F u = ±Fa, hence F uu = ±(Fss|^ + 
Fuv~q^) = Fuu- Thus 



(5.30) I = ±1. 
Similarly we have 

dg~ dh _ 

(5.31) m = —I + — m. 

Ov ov 

From the transformation laws (l5T28j) . f l5T29|) . f l5T30|) and (IPT]) . it is 
easy to see that 

7= ±7, 77 = ±77, 777 = J J J, and 7k = IV. 

This finishes the proof of the proposition. □ 

Define a = - and a = |, then from ( 15 .29 j) . we see that a = ±5. 
Actually, a is the function defined on the non-singular part of S such 
that ae 2 + T G TS. Up to a sign, a is a function which is independent 
of the choice of the normal coordinates, hence an invariant of X on the 
non-singular part. Similarly, from (I5.30p . so is for I, which actually is 
the p-mean curvature. 

Remark 5.3. Note that if we restrict us to choose normal coordinates 
with respect to a fixed orientation of the characteristic foliation on the 
nonsingular part, we see, from the proof of Proposition 15. 2\ that a = a 
and 1 = 1. That is, the sign appearing is due to the different choice of 
orientation. 
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Besides the two invariants a and I, we now proceed to introduce 
another invariant of E, which is defined on all of E, not just on the 
non-singular part. Again, from Proposition 15.21 it is easy to see that 

(5.32) i ® i + n ® n + 111 ® in = T®T+n ®n + Tn ® TTi. 

Therefore the form I ® I + II ® II + III <g> 77/ is again independent 
of the choice of a normal coordinates, hence also an invaiant of E 

Lemma 5.4. Let gg be the adapted metric on H 1 . Then we have 

(5.33) 9e \s = I®I + II®II + III®III, 
on the non-singular part o/E. 

Proof. This lemma is a easy consequence of the first one of the moving 
frame formula (13.181) . □ 

In the following section, we will show that the form IV = F*ui\ 
is completely determined by all ge ,a and /. We therefore obtain a 
complete set of invariants for surfaces on the non-singular part. 

6. A complete set of invariants for surfaces in H 1 

Let E be an oriented surface and suppose / : E — > H 1 be an em- 
bedding. For the convenient of expression, we will not distinguish sur- 
faces E and /(S). For each non-singular point p G E, we specify an 
orthonormal frame by (p;ei,e2,T), here e\ is tangent to the charac- 
teristic foliation and C2 = Joe\. A Darboux frame is a moving frame 
which is smoothly defined on E, except those singular points, hence 
giving a lifting of / to PSH(1) which is defined by F. Now we would 
like to compute the Darboux derivative F*ui of F. In the following, 
instead of F*u, we still use 

/ \ 

u 1 -wi 2 
u 2 ojx 2 

y u 3 u 2 -to 1 o j 

to express the Darboux derivative. It satisfies the integrability condi- 
tion dui + u A ui = 0, that is, 

dui 1 = uj\ A to 2 

dui 2 = —ui 2 A ui 1 

( 6 - 2 ) , s 2 

dui =2u Au 

dui = 



(6.1) u 
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Let ge = h + O 2 be the adapted metric. From Section [5J which we 
see that u 2 = au 3 on the nonsingular part of S, it is easy to see that 

9e |s = oj 1 g> to 1 + to 2 g> to 2 + to 3 <g> u 3 
= u 1 g) w 1 + (1 + a 2 )w 3 <g> to 3 - 

Define 
(6.3) 



c2; 2 = Vl + a 2 w 3 . 

This is an orthonormal coframe of gg | s and the dual frame is 

ei = ei 

(6.4) A ae 2 + T 

Let w 2 be the Levi-Civita connection of gg \j: with respect to the frame 
a) 1 , a) 2 . By the fundamental theorem in Riemannian geometry, this 
connection is uniquely defined by 





du 1 = 


—£j\ A Cj 


(6.5) 


du 2 = 


-co 2 A Cj 










ul = 


-Cj\. 



The following Proposition point out that uj\ is completely determined 
by the induced fundamental form g^ols and the functions a and 

Proposition 6.1. We have 

' ' 2 " ^cJ 2 + — ^OO 1 + 3 L0 2 . 



y/TTa 2 1 + a 2 (l + a 2 )-2 

! 2a 2 + (e x a) 
to; H , 

v/TT^ 2 



(6.6) 



1 VTT^ 2 i + « 2 

/a „ x / a(e\0t) 



VI + a 2 V ! + « 



Cj 1 + 2a + £ w 



,2 
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Proof. Note that u 2 = «u 3 . Then from the second identity of ( 16. 3ft . we 
have 



du 2 = d | r uj* 



— A or H r da; 



'l + a 2 W (l + a 2 )2 



ei I r I w 1 A w 2 r u? A a) 1 

1 :i + a 2 )^ / (l + a 2 )i 



w 1 A eJ r Co 2 + 



Q! \ A o Ot A 9 



l + a 2 )t y (1 + a 2 )l 1 1 ' 

where at the third equality above, we have used the second formula 
of the structure equation (16. 5ft in Riemannian geometry. On the other 
hand, from the Maurer-Cartan structure equation (16.21) 

du 2 = -u\ A u 1 = Co 1 A u\. 

Together the above two formulae and by Cartan lemma, we see that 
there exists a function D such that 



(6.7) 



Wi = ei r w H rw, + L>w 

1 ;i + « 2 )^ J {l + a 2 ) l 2 

uj 2 H r wJ + Do; 1 . 



3 1 



(l + a 2 )2 (1 + a 2 ) 
Similarly, we compute 

— Cj\ Acu 2 = dco 1 = dcu 1 

(6.8) 



oj\ A w 2 



a 2.-2 



=wf A cu 



V1 + a' 

Again, by Cartan lemma, there exists a function A such that 
(6.9) - Gj\ = - a uj 2 + ACj 2 . 
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-Cj\ Aco 1 = dcu 2 = d ((1 + a 2 )^u 3 ^j 

= (1 + a 2 )^du 3 + d(l + a 2 )5 A u 3 

( 6 - 10 ) = 2a(l + a 2 )^ 1 Au 3 + ?-^da A u 3 

(1 + a 2 )^ 

a(eia) \ „ n A 9 
2a + a) A a) , 

1 + cr / 

where we have used the third formula of (16. 2p and w 2 Aw 3 = 0. There- 
fore, there exists a function B such that 



(6.11) ^ 2 = (2a + ^l)u 2 + Bu 1 . 

1 + or 



By flEID and (j^ . we get 



= w?(ei) - - 7 =^=a; 2 (e i ; 
V 1 + cr 

w 2 (d) Z 



1 + a 2 1 + a 2 
Similarly, by (16. 7ft . (I6.9P and (16. lip , we obtain 

2a 

A 



1 + a 2 

(6.12) + ° 



2 



Vl + a 

These complete the proof. □ 



6.1. The proof of Theorem II. Ill Let K be the Gaussian curvature 
of the induced metric ge \i:, hence we have 



(6.13) 



ddif = Kda, 
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where da is the area form Cj 1 Aw 2 . Using Proposition 16.11 and ( 16. 2ft and 
( 16. 5p . we compute 

(6.14) 

7-2 if a 2 2a 
auj 1 = a I _ + -uj~ 



0: z 



1 + a 2 



d 



a 



y/T 

da 



A u{ + d 



2a 



1 + a ; 



Ac2; z + 



2a 



(1 + a 2 



9 2(1 — a Wa A 9 
7 Aw 2 + -+ A w 2 



1 + a 2 
2a 



c^ 2 



(1 + a 



2A2 



l + a : 



a) 2 A Cj 1 



(eia) 2 + 2(1 + a 2 )(eia) + 4a 2 (l + a 2 ) - /(e E a)(l + a 2 



(1 + a 2 ) 2 

These completes the proof of Theorem 11.111 

6.2. The derivation of the integrability condition ( 11. 14ft . We 

compute 

(6.15) 
= dtuf 

I 



Co 1 A Co 2 . 



d 



a 



VTT 



- r u 2 + 



1 + a 2 



7^ + 



e\(x 
(1 + a 2 



-U) 



= | - (1 + a 2 )5(e s /) + (1 + a 2 )(eieia) - a(da) 2 + 4a(l + a 2 )(e x a) 

+ a(l + a 2 ) 2 K + a/(l + a 2 )^(e s a) + a(l + a 2 )Z 2 | - A U , . 

J (1 + a 2 )z 

Therefore the integrability condition (1 1 . 1 4 [) is equivalent to duo 2 = 0. 



6.3. The proof of Theorem 11.101 First we show the existence. De- 
fine an ps/i(l)-valued one-form on the non-singular part of E by 



/ 



(6.16) 

where 
(6.17) 





Co 1 








--UJ 



\ y/l+( a ')* U y/l+(*') 2 



a Cj 2 



\ 

-oof 





-Co 1 



/ 



a 



VT+W) 



=U)f + 
r\t) l 



1 + (a) 



r^ + 



(l + (a') 2 )i 



-co 2 . 
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Then it is easy to check that (j) satisfies d(j) + A = if and only if 
the integrability condition (j!.14p holds. Therefore, by Theorem 12.2^ for 
each x G £ there exists an open set U containing x and an embedding 
/ : U -> H 1 such that g = f*(gg ),a = f*a and t = f*l. Next we 
show the uniqueness. By Proposition 16.11 we see that the Darboux 
derivative is completely determined by the induced metric ge \n, the 
p- variation a and the p-mean curvature /. Therefore, by Theorem 12 .![ 
the embedding into H 1 is unique up to a Heisenberg rigid motion. 

7. Appendix 

In this Appendix, we give another proof of Theorem II .21 

7.1. The second proof of Theorem 11.21 For a horizontally regular 
curve 7(s) parametrized by horizontal arc-length s, we define a moving 
frames (X(s),Y(s),T(s)) by 

(7.1) X(s)=^(s), Y(s) = JX(s), and T(s)=T. 
Then we have that 

X'(s) = k{s)Y{s) 

(7.2) Y'{s) = -k{s)X{s) -T 

T'(s)=0. 

Note also that 

(7.3) 1 '(s) = X(s) + r(s)T. 

Now, assume that two curves 7(5) and j(s) satisfy the conditions 

(7.4) k(s) = k(s) and r(s) = f(s), s el. 

After performing a Heisenberg rigid motion (i.e., a pseudohermitian 
transformation on H 1 ), we can assume, without loss of generality, that 

(7.5) 7(s ) = l(s ),X{s ) = X(s ), and Y(s ) = Y(s ), 

for a fixed s G /. Define A(s) =< X(s),X(s) > + < Y(s),Y(s) >. 
By using the moving franes formula (17. 21) . we have 

(7.6) 

A'(s) =< x'(s),X(s) > + < X(s),X'{s) > + < Y'{s),Y{s) > + < Y(s),Y'{s) > 

= k< Y(s),X(s) >+k< X(s), Y(s) > + < -kX - T, f (s) > + < F, -jfeX - f > 
= 0. 

Since A(s ) = 2, we get A(s) = 2, hence that X(s) = X(s) and 
Y(s) = Y(s) for each s E I. In particular, we have j^(s) = 7^(s). 
Also note that r(s) = f(s), by (17.31) . we have 7 T (s) = 7 T (s). We 
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therefore obtain that 7'(s) = 7'(s), which implies that 7(5) = 7(5) +C 
for some constant C. Since 7(50) = l{so), we see that C — 0, that is, 
7(5) = 7(5) for all s E I. 
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